Abstract. In earlier joint work with our collaborators Akhtar, Coates, Corti, Heuberger, Kasprzyk, Prince and Tveiten, we gave a conjectural classification of a broad class of orbifold del Pezzo surfaces, using Mirror Symmetry. We proposed that del Pezzo surfaces X with isolated cyclic quotient singularities such that X admits a Q-Gorenstein toric degeneration correspond under Mirror Symmetry to maximally mutable Laurent polynomials f in two variables, and that the quantum period of such a surface X, which is a generating function for Gromov-Witten invariants of X, coincides with the classical period of its mirror partner f .
Introduction
In [ACH + ], together with our coauthors Akhtar, Coates, Corti, Heuberger, Kasprzyk, Prince and Tveiten, we gave a conjectural classification of a broad class of del Pezzo surfaces with isolated cyclic quotient singularities, using Mirror Symmetry. We proposed that del Pezzo surfaces X with isolated cyclic quotient singularities such that X admits a Q-Gorenstein toric degeneration correspond under Mirror Symmetry to maximally mutable Laurent polynomials f in two variables, and that the quantum period of such a surface X coincides with the classical period of its mirror partner f . The quantum period of X here is a generating function for genus-zero Gromov-Witten invariants of X that depends on certain natural parameters, which correspond to Reid's "junior classes" in the Chen-Ruan cohomology of X; on the other hand the Laurent polynomial f , being maximally mutable, also depends on certain parameters. We conjectured that the quantum period of X and the classical period of f coincide after an affine-linear identification of the parameter spaces involved. This is Conjecture B in [ACH + ]; it is restated as Conjecture 2.1 below.
There are 26 families of del Pezzo surfaces with 1 3 (1, 1) points that admit a QGorenstein degeneration to a toric surface. In this paper, for 25 of these surfaces we compute the restriction of the quantum period to a nonempty affine subspace of the parameter space and we check that this matches with the classical period along an appropriate subspace of the space of maximally mutable Laurent polynomials. When combined with [ Computing the quantum period of orbifolds is a hard problem in Gromov-Witten theory, and our computations are at the limit of the currently available techniques. Our calculations depend on -and provide strong evidence for -natural conjectural generalisations of the Quantum Lefschetz theorem and the Abelian/non-Abelian Correspondence to the orbifold setting. These are stated in §5.1 and §6.1 below. When combined with toric mirror theorems, these generalizations allow the computation of quantum periods for many orbifolds that are either (a) complete intersections in toric Deligne-Mumford stacks; or (b) zero loci of regular sections of homogeneous vector bundles on DeligneMumford quotient stacks [V / /G], where V is a representation of a reductive group G. (1, 1) points that admit a Q-Gorenstein degeneration to a toric surface, and we use these models to compute the quantum periods. For the missing surface an Italian-style birational description is known, but no explicit description as a complete intersection in a toric stack or a reasonably good GIT quotient has yet been found. This gap prevents us from computing its quantum period. We hope to return to this case in a future paper.
Highlights. In §2 we give an overview of the paper in more detail. The impatient reader may wish, however, to skip ahead to the following sections.
• In §5.3 and §5.4 we compute the quantum periods of two surfaces that are complete intersections in toric orbifolds; these are applications of our conjectural generalisation of the Quantum Lefschetz theorem from §5.1.
• In §6.2 we compute the quantum period of a complete intersection in a weighted Grassmannian; this is an application of our conjectural generalisation of the Abelian/non-Abelian Correspondence from §6.1.
• On page 47 we compute the quantum period of a del Pezzo surface that does not admit a Q-Gorenstein degeneration to a toric surface. This surface is a complete intersection in a toric orbifold, and as such has a Hori-Vafa mirror, but this mirror model does not admit a torus chart.
Plan of the paper. In Section 2 we provide the basic notions on quantum periods of del Pezzo surfaces, present the conjectural picture for Mirror Symmetry for del Pezzo surfaces with isolated cyclic quotient singularities (Conjecture 2.1), and state our main result (Theorem 2.2). In Section 3 we briefly recall Gromov-Witten theory for stacks ( §3.1), Givental's symplectic formalism ( §3.2), and the definition of the quantum period of a Fano orbifold ( §3.3). In Section 4 we focus on toric stacks: we recall the formalism of stacky fans ( §4.1) and the toric mirror theorem ( §4.2); in §4.3 we compute the quantum periods of the blow-up of P(1, 1, 3) at one point. In Section 5 we deal with complete intersections in toric stacks: in §5.1 we give a brief survey of the Quantum Lefschetz theorem and we state a conjectural generalisation, in §5.2 we discuss how to apply Quantum Lefschetz to compute the quantum period of toric complete intersections, and we give two examples in §5.3 and §5.4. Section §6 is devoted to the Abelian/non-Abelian Correspondence for stacks: we state a conjecture in §6.1 and present a sample computation in §6.2. The results of our calculations are collected in Section 7, and are summarized in Table 1 on page 33.
Conventions.
We work over the field C of complex numbers. A Fano variety is a projective normal variety over C such that the anticanonical divisor −K X is QCartier and ample. A del Pezzo surface is a Fano variety of dimension 2. The Fano index of a Fano variety X is the largest positive integer f such that the equality −K X = f H holds in the divisor class group Cl(X), for some Weil divisor H on X. Calligraphic letters, i.e. X and Y, denote separated Deligne-Mumford stacks of finite type over C and roman letters, i.e. X and Y , denote their coarse moduli spaces.
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2. Background 2.1. Quantum periods and del Pezzo surfaces. Let X be a Fano variety with quotient singularities. The quantum period of X is a generating function G X for some genus-zero Gromov-Witten invariants of the unique well-formed orbifold X having X as coarse moduli space (see §3.3). Let H <2 CR (X ) denote the subspace of the Chen-Ruan cohomology of X generated by the identity classes of the twisted sectors with age < 1. The quantum period is a family of power series parameterised by H <2 CR (X ), i.e.
]. For example, if X has canonical singularities, then H <2 CR (X ) = {0} and the quantum period G X is just a power series in t. We refer the reader to §3 for the precise definitions of Chen-Ruan cohomology and quantum period.
If the quantum period of a Fano variety X is
with c δ : H <2 CR (X ) → Q, then we define the regularised quantum period of X to be the power series (1, 1) singularities or points) is a normal projective surface X over C such that:
• the anticanonical divisor −K X is Q-Cartier and ample; and • the complement of the smooth locus consists of finitely many points such that each of them has an analytic neighborhood isomorphic to an analytic neighborhood of the origin in the quotient C 2 /µ 3 , where the cyclic group µ 3 acts on C 2 with weights (1, 1), i.e. the third root of unity ζ 3 acts by mapping the point (x, y) ∈ C 2 into the point (ζ 3 x, ζ 3 y).
Del Pezzo surfaces with 1 3 (1, 1) points have recently been classified in [FY, CH] . There are 29 deformation families of such surfaces. Three of them have Fano index greater than 1: the weighted projective plane P(1, 1, 3) and two surfaces denoted by B 1,16/3 and B 2,8/3 . The remaining 26 families have Fano index equal to 1 and they are denoted by X k,d , where k is the number of singular points and d = K 2 X is the degree. For many of these surfaces, Corti and Heuberger exhibit explicit models, which are essential for our computations of the quantum periods.
In this paper we compute the quantum periods for 26 out of the 29 families with the following methods.
• 6 surfaces are toric. Using the mirror theorem for toric stacks (see §4.2) we compute the full quantum periods, except on X 6,2 for which the large Picard rank increases the computational complexity and allows us to compute a specialisation of the quantum period only. An example is given in §4.3.
• 19 surfaces are complete intersections in toric orbifolds. Using a conjectural generalisation of the Quantum Lefschetz theorem (see §5.1), we compute the restriction of the quantum period to a non-empty affine subspace of H <2 CR (X ). In §5.3 and §5.4 we give two examples of these computations.
• The surface X 1,7/3 is described as a complete intersection inside a weighted Grassmannian. In §6.2, combining conjectural generalisations of the Quantum Lefschetz theorem (see §5.1) and the Abelian/non-Abelian Correspondence (see §6.1), we compute a restriction of the quantum period to a non-empty affine subspace of H <2 CR (X ).
• For the surfaces X 5,2/3 , X 5,5/3 , X 6,1 , since we do not know any useful model for computations in Gromov-Witten theory, we have not been able to compute any restriction of the quantum period. Although our computations rest on conjectural generalisations of the Quantum Lefschetz theorem and of the Abelian/non-Abelian Correspondence, we are confident that the results of our computations are correct because, even though partial, they match perfectly with the framework of Mirror Symmetry for orbifold del Pezzo surfaces, as formulated in [ACH + ]. Our complete results are reported in §7.
2.2.
Mirror Symmetry for orbifold del Pezzo surfaces. In [ACH + ] the authors state a conjecture which, roughly speaking, predicts that the regularised quantum period of an orbifold del Pezzo surface X with Q-Gorenstein rigid cyclic singularities coincides with the classical period of a certain family of 'special' Laurent polynomials supported on the polygon corresponding to some toric degeneration of X. Since 1 3 (1, 1) is the simplest non-trivial example of Q-Gorenstein rigid surface singularity, our computations provide some evidence for this Mirror Symmetry type conjecture, which we now explain.
A Fano polygon in a rank-2 lattice N is a convex polytope P ⊆ N R such that the origin is in the strict topological interior of P and the vertices of P are primitive lattice vectors. From a Fano polygon P one may construct a toric del Pezzo surface X P from the face fan of P . On the set of Fano polygons there is an equivalence relation called mutation [ACGK12] . In [ACH + , Conjecture A] it is conjectured that mutation equivalence classes of Fano polygons are in a one-to-one correspondence with del Pezzo surfaces that admit a Q-Gorenstein degeneration 1 to a toric surface and have isolated cyclic quotient singularities that are rigid with respect to QGorenstein deformations. To a Fano polygon P this correspondence associates a generic Q-Gorenstein deformation of the toric surface X P .
The maximally mutable Laurent polynomials (see [KT] ) of a Fano polygon P are the Laurent polynomials f ∈ Q[N ] such that the Newton polygon of f is P and they stay Laurent after every mutation of P and the corresponding operation on f . Let L(P ) be the affine space of maximally mutable Laurent polynomials of P and let L T (P ) ⊆ L(P ) be the affine subspace made up of those with T-binomial edge coefficients (see [KT, ACH + ] for definitions).
1 We refer the reader to [KSB88, Hac04, ACH + ] for the notion of Q-Gorenstein deformation of
] is a Laurent polynomial, then the classical period of f is the power series
where coeff 1 (f δ ) is the coefficient of 1 in the Laurent polynomial f δ . Now we will consider the following setup:
( ) P is a Fano polygon; X P is the toric del Pezzo surface corresponding to the face-fan of P ; X is a generic Q-Gorenstein deformation of X P ; X is the unique well-formed orbifold (see §3.3 for details) such that its coarse moduli space is X.
Conjecture 2.1 (Conjecture B in [ACH + ]). Let P, X, X be as in ( ). Then there exists an affine-linear isomorphism Φ :
where G X is the regularised quantum period of X and π f is the classic period of f .
Corti and Heuberger [CH] have proved that, out of the 29 del Pezzo surfaces with 1 3 (1, 1) points, only 26 surfaces admit a Q-Gorenstein degeneration to a toric surface. Indeed, the surfaces X 4,1/3 , X 5,2/3 and X 6,1 do not have any Q-Gorenstein degeneration to a toric surface.
The Fano polygons P such that the corresponding surface X, according to ( ), has only 1 3 (1, 1) points have been classified up to mutation by Kasprzyk, Nill and Prince [KNP] . There are 26 mutation equivalence classes of such polygons and they correspond to the del Pezzo surfaces mentioned above. The spaces L T (P ), for such polygons P , have been computed by Kasprzyk and Tveiten [KT] .
Combining these results with our calculations in Section §7 yields:
Theorem 2.2. Let P , X and X satisfy ( ). Suppose that X has only 1 3 (1, 1) singularities and is not X 5,5/3 .
If natural generalisations of the Quantum Lefschetz theorem (Conjecture 5.2) and of the Abelian/non-Abelian Correspondence (Conjecture 6.1) hold, then there exist a non-empty affine subspace W ⊆ L T (P ) and an injective affine-linear map
3. The quantum period 3.1. Gromov-Witten theory for smooth proper Deligne-Mumford stacks. Gromov-Witten theory for smooth proper Deligne-Mumford has been developed by Chen-Ruan [CR04] in the symplectic setting and by Abramovich-Graber-Vistoli [AGV02, AGV08] in the algebraic setting. Here we recall just the basic definitions, following the concise expositions of [Iri11, §2.1] and [CCITb] . Let X be a proper smooth Deligne-Mumford stack over C and X be its coarse moduli space, which is assumed to be projective. Let IX be the inertia stack, which is the fibre product X × ∆,X ×X ,∆ X of the diagonal morphisms ∆ : X → X × X . For every C-scheme S, an S-valued point of IX is a pair (x, g), where x is a S-valued point of X and g ∈ Aut X (S) (x) is a stabilizer of x. Let Box(X ) be the set of the connected components of IX and let
be the decomposition of IX into connected components. In Box(X ) there is a special element 0 ∈ Box(X ) which corresponds to the trivial stabilizer g = 1 and whose associated connected component X 0 of IX is just X . For every b ∈ Box(X ), let age(b) ∈ Q ≥0 be the age of the component X b (see [CR04, §3.2] , where it is called degree shifting number, or [AGV08, §7.1]). Let H
• CR (X ) be the even part of the Chen-Ruan orbifold cohomology group of X , i.e. the Q-graded vector space over Q given by
for every p ∈ Q. In all spaces considered below there will be only even cohomology classes. We see that H
• CR (X ) coincides, as a vector space, with the even degree cohomology H even (IX ; Q) of the inertia stack, but the gradings on these two vector spaces are different.
We have an involution inv : IX → IX given by (x, g) → (x, g −1 ). This induces an involution inv : H
It is symmetric and non-degenerate, because IX is smooth. For d ∈ H 2 (X; Z) and n ≥ 0, let X 0,n,d be the moduli stack of stable maps 2 to X of genus 0, with n marked points and degree d. This is equipped with a virtual fundamental class [X 0,n,d ]
vir ∈ H • (X 0,n,d ; Q) and evaluation maps
to the rigidified inertia stack I rig X (see [AGV08, §3.4]), for i = 1, . . . , n. Since the stacks I rig X and IX have the same coarse moduli space, there are canonical isomorphisms between their cohomology groups with rational coefficients. Thus, we can think of elements of H
• CR (X ) as cohomology classes on I rig X . For i = 1, . . . , n, let ψ i ∈ H 2 (X 0,n,d ; Q) be the first Chern class of the ith universal cotangent line bundle L i ∈ Pic(X 0,n,d ); the fibre of L i at a stable map f : (C; x 1 , . . . , x n ) → X is the cotangent space T * xi C at the ith marked point of the coarse curve C of C. Gromov-Witten invariants of X are
where α 1 , . . . , α n ∈ H
• CR (X ) and k 1 , . . . , k n are non-negative integers. Roughly speaking, if k 1 = · · · = k n = 0, this is the 'virtual number' of possibly-nodal npointed orbifold curves in X of genus 0 and degree d which are incident at the ith marked point, 1 ≤ i ≤ n, to a chosen generic cycle Poincaré-dual to α i and which have isotropy at the ith marked point specified by α i . If any of the k i are non-zero then we count only curves which in addition satisfy certain constraints on their complex structure.
3.2. Givental's symplectic formalism. Let X be a proper smooth DeligneMumford stack over C with projective coarse moduli space X. Let Eff(X ) ⊆ H 2 (X; Z) denote the submonoid generated by the homology classes in X represented by images of representable maps from complete stacky curves to X . If R is a commutative ring, then the Novikov ring Λ(R) on R is the completion of the group R-algebra R[Eff(X )] with respect to an additive valuation defined by a polarization on X which we choose once and for all (see [Tse10, Definition 2.5.4]). If d ∈ Eff(X ) we denote by Q d the corresponding element in the Novikov ring Λ(R). Following Givental [Giv01] and Tseng [Tse10] , we consider the infinite dimensional C-vector space (4)
where z is a formal variable and
, equipped with the symplectic form
In the symplectic vector space (H X , Ω) there is a Lagrangian submanifold L X , which is a formal germ of a cone with vertex at the origin and which encodes all genus-zero Gromov-Witten invariants of X . We will not give a precise definition of L X here, referring the reader to [Tse10, §3.1], [CCIT09, Appendix B] and [CCITb, §2] . L X is called the Givental cone of X and determines and is determined by Givental's J-function:
where:
• γ runs in the even part H 3.3. The quantum period of a Fano orbifold. An orbifold is defined to be a separated smooth connected Deligne-Mumford stack X of finite type over C such that the stabiliser of the generic point is trivial. Following [IF00, Definition 5.11], we say that an orbifold X is well-formed 3 if the natural morphism X → X to the coarse moduli space is an isomorphism in codimension 1. In other words, an orbifold is well-formed if the stacky locus has codimension at least 2.
If X is a well-formed orbifold and its coarse moduli space X is a scheme, then X is a Cohen-Macaulay Q-factorial normal variety with quotient singularities such that Pic(X ) Pic(X sm ) Cl(X), where X sm is the smooth locus of X and Cl(X) is the divisor class group of X. Conversely, a normal separated variety with quotient singularities is the coarse moduli space of a unique well-formed orbifold, by [Vis89, (2.8) and (2.9)] and [FMN10, §4.1]. In other words, there is a one-to-one correspondence between well-formed orbifolds with schematic coarse moduli space and normal separated varieties with quotient singularities.
When X is a normal separated variety with quotient singularities, we denote by X the unique well-formed orbifold such that X is its coarse moduli space.
Definition 3.1. A well-formed orbifold X is called a Fano orbifold if its coarse moduli space X is a projective variety such that its anticanonical class −K X is an ample Q-Cartier divisor.
There is a one-to-one correspondence between Fano orbifolds and normal projective varieties with quotient singularities such that O X (−mK X ) is a very ample line bundle on X, for some m ≥ 1.
The quantum period of a Fano orbifold X is a generating function of certain genus-zero Gromov-Witten invariants of X . Definition 3.2. Let X be a Fano orbifold and let b 1 , . . . , b r ∈ Box(X ) be the indices of the connected components of the inertia stack IX such that 0 < age(b i ) < 1. For i = 1, . . . , r, let
be the identity cohomology class of the component
The quantum period of X is:
where φ vol ∈ H 2 dim X (X ; Q) is the cohomology class of a point, t, x 1 , . . . , x r are formal variables and 1 1−ψ denotes the series k≥0 ψ k .
The quantum period comes from a specialisation of a component of the Jfunction. Indeed, G X is obtained from the component of the J-function J X along the unit class 1 0 ∈ H 0 (X; Q) ⊆ H 0 CR (X ) by applying the following substitutions:
] and the following formula holds:
Moreover:
Proof. Notice
.
If the Gromov-Witten invariant
is uniquely determined by d, n and i 1 , . . . , i n ∈ {1, . . . , r}. This shows that the formula (6) holds.
We prove that δ d,i1,...,in is an integer greater than 1 whenever there exist d ∈ H 2 (X, Z), n ∈ N and 1 ≤ i 1 , . . . i n ≤ r such that δ = δ d,i1,...,in and GW d,i1,...,in = 0. In these circumstances there must exist a genus-zero (n + 1)-pointed stable curve 
is an integer. Moreover, since Gromov-Witten invariants with negative gravitational descendants are zero by definition, δ d,i1,...,in ≥ 2. This proves (i). Now we have to prove the finiteness of the sum (6). More specifically we have to prove that, for every integer δ ≥ 2, the coefficient
of t δ is a polynomial in the variables x 1 , . . . , x r . This is a dimensional argument, as follows.
For each geometric point p : Spec C → X , denote by e p the exponent of the automorphism group of p. Call e the least common multiple of the e p for all geometric points of X . By [AGV08, Lemma 2.1.2], the line bundle (det(Ω
⊗e on X is a pull-back to X of a line bundle H on X. Since X is a Fano orbifold, H is an ample line bundle on X. In the divisor class group of X we have the equality H = −eK X . Following [AV02] , for every h, n ∈ N we denote by K 0,n (X , h) the moduli stack of genus-zero n-marked stable maps ϕ : C → X such that deg Cφ H = h, where C is the coarse moduli space of C andφ : C → X is the morphism of schemes induced by ϕ.
Therefore, the coefficient (7) of t δ involves some intersection products on various connected components of the proper stack
This shows that the sum (7) is a polynomial in the variables x 1 , . . . , x r with rational coefficients. Now we prove assertion (ii). Let L ∈ Pic(X ) be such that ω 
is divided by f . This concludes the proof of (ii).
Remark 3.5. Let X be a Fano orbifold and let 1 b1 , . . . , 1 br ∈ H • CR (X ) be the identity cohomology classes of the components of IX with age between 0 and 1. Let e be the least common multiple of the exponents of the automorphism groups of all geometric points of X . Let φ vol be the cohomology class of a point. For every n ∈ N and d ∈ Eff(X ), consider the
The quantum period of X can be written as
. In this way, we can consider the quantum period as a family of power series
. Example 3.6. If X is a Fano orbifold such that its coarse moduli space X has canonical singularities, then there are no connected components of IX with positive age smaller than 1 by the Reid-Tai criterion [Kol13, Theorem 3.21]. Therefore, in this case, H <2 CR (X ) = 0 and the quantum period of X is
In particular, if X is a smooth Fano variety then the formula above for the quantum period of X agrees with [CCG + 14, Definition 4.2] and [CCGK, §B] .
Example 3.7. Let X be a del Pezzo surface with isolated quotient singularities of type 1 3 (1, 1) and let X be the Fano orbifold associated to X. Assume that X has r singular points. Then, the inertia stack IX has 1 + 2r connected components:
• the trivial connected component of age 0, which is isomorphic to X ;
• r connected components of age 2/3, which are isomorphic to Bµ 3 ;
• r connected components of age 4/3, which are isomorphic to Bµ 3 . For i = 1, . . . , r, let 1 i be the unit cohomology class of the ith connected component of age 2/3. Then the quantum period of X is:
Toric stacks
4.1. Stacky fans and extended stacky fans. Here we briefly recall the theory of toric stacks [BCS05, FMN10] and the combinatorial machinery developed in [CCITb], which will allow us to produce a point of the Givental cone for a toric stack. We will present the case of toric well-formed orbifolds only. Let X be a simplicial toric variety which is proper over C. In other words, according to [Ful93] , X comes from a finitely generated free abelian group N of finite rank 4 and a complete simplicial fan Σ in N R . Let ρ : Z n → N be the linear map which maps the ith standard basis element of Z n to the primitive generator ρ i of the ith ray of the fan Σ. So n is the number of rays of Σ. Let L be the kernel of ρ. The exact sequence
Since the cokernel of ρ is finite, the dual map ρ * : M → Z * n , which is obtained from ρ by applying Hom Z (−, Z), is injective. The cokernel of ρ * is denoted by L ∨ and is called the Gale dual of ρ. We get a short exact sequence, which is called the divisor sequence:
We see that L ∨ is an extension of the dual L * = Hom Z (L, Z) by a finite group which is isomorphic to coker ρ. In particular, if ρ is surjective, then L ∨ = L * . It is well known that in (9) the group Z * n is identified with the group of torus-invariant Weil divisors of X and the group L ∨ is canonically isomorphic to the divisor class group Cl(X): the image D i ∈ L ∨ of the ith standard basis element of Z * n is the class of the ith toric divisor of X. The anticanonical class of X is given by
where cone T = { j a j t j | t j ∈ T, a j ≥ 0} is the cone spanned by a subset T of a real vector space. Moreover,
which is induced by the duality pairing of Z n , induces the pairing N 1 (X) × N 1 (X) → R between numerical classes of divisors and numerical classes of curve cycles. The Mori cone NE(X) is the dual cone of Nef(X) in L ⊗ Z R.
Applying the exact functor Hom Z (−, C * ) to (9), we get a homomorphism of algebraic groups from from G := Hom(L ∨ , C * ) to the torus (C * ) n . Since (C * ) n acts diagonally on A 
The element b = ρi∈σ a i ρ i ∈ Box(Σ), for some σ ∈ Σ and 0 < a i < 1, corresponds to the subvariety of X defined by the homogeneous equations x i = 0 for ρ i ∈ σ. Its age is a i . Now we describe the formalism of extended stacky fans according to [Jia08] . We choose a finite set S with a map S → N . We allow S to be empty. We label the finite set S by {1, . . . , m} and write s j ∈ N for the image of the jth element of S. Following [Jia08, Definition 2.1], we consider the S-extended stacky fan (N, Σ, ρ S ), where
and e i is the ith standard basis vector for Z n+m . This gives the extended fan sequence
and by Gale duality the extended divisor sequence
The inclusion Z n → Z n+m of the first n factors induces an exact sequence
which splits over Q via the map Q m → L S ⊗ Z Q that sends the jth standard basis vector to
where σ(j) ∈ Σ is the minimal cone containing s j and the positive numbers s 
The extended Mori cone is the subset of
m via the isomorphism (14). The extended Mori cone can be thought of as the cone spanned by the 'extended degrees' of certain stable maps f : C → X : see [CCITb, §4] for details. The dual of NE S (X ) in L S∨ ⊗ Z R is called the extended nef cone of X and is denoted by Nef S (X ). There is an equality of cones in
4.2. The mirror theorem for toric stacks. By using the combinatorial objects associated to extended stacky fans (as in §4.1), we give the definition of I-function for a toric stack. Let X be a toric orbifold as above and let (N, Σ, ρ S ) be an Sextended stacky fan defining X . Then the S-extended I-function [CCITb] of X is:
• τ = (τ 1 , . . . , τ n ) are formal variables;
• ξ = (ξ 1 , . . . , ξ m ) are formal variables;
is the first Chern class of the the line bundle corresponding to the ith toric divisor D i ; • for n + 1 ≤ i ≤ n + m, u i is defined to be zero;
(X ) is the identity class supported on the component of inertia associated to v S (λ) ∈ Box(Σ).
The I-function I S (τ, ξ, z) is a formal power series in Q, ξ, τ with coefficients in H
Theorem 4.1 (Mirror theorem for toric stacks [CCITb] ). Let X be a projective simplicial toric variety, associated to the fan Σ in the lattice N , and let X be the corresponding toric well-formed orbifold constructed above. Let S be a finite set equipped with a map to N . Then the S-extended I-function I S (τ, ξ, −z) lies in the Givental cone L X for all values of the parameters τ and ξ.
The mirror theorem relates the combinatorics of toric geometry (namely the I-function) with Gromov-Witten theory (namely the Givental cone L X ). In §4.3 we will show an example in which the mirror theorem is applied to compute the quantum period of a toric Fano orbifold.
Remark 4.2. The formula (16) for the extended I-function is given in [CCITb] . In our calculations we will use a slightly different version, which provides the same amount of information in Theorem 4.1. Let p 1 , . . . , p be an integral basis of H 2 (X ; Q). Then we use the formal variables τ = (τ 1 , . . . , τ ) and the exponentials appearing in (16) are replaced by e i=1 piτi/z and by e λτ := i=1 e (pi·d)τi .
4.3.
A toric example: the blow-up of P(1, 1, 3) at one point. Let X be the blow-up of P(1, 1, 3) at a smooth point. It has one singular point and degree 22/3, hence in our list it is called X 1,22/3 . The well-formed orbifold X having X as coarse moduli space is a toric stack and is defined by the following stacky fan. Let P be the polygon n.25 in the list below, let N = Z 2 , and let Σ be the spanning fan of P . The rays of Σ, which is a complete fan in R 2 , are the columns of the matrix
It is easy to observe that the rays ρ 1 , ρ 3 and ρ 4 would define P(1, 1, 3) and that the toric divisor corresponding to ρ 2 is obtained after blowing-up P(1, 1, 3) at one torus-invariant point.
A basis of L = ker(ρ : Z 4 → N ) is given by the vectors
We use this basis to identify L with Z 2 . The fan sequence (8) is
Since ρ is surjective, the divisor sequence (9) is
where L ∨ is identified with Z 2 via the dual basis {p 1 , p 2 } of (17) and the linear map D is given by the matrix
The anticanonical class of X is given by the sum of the divisor classes of irreducible torus-invariant divisors:
The irrelevant ideal is Irr Σ = (x 3 x 4 , x 1 x 4 , x 1 x 2 , x 2 x 3 ). Set U Σ = A Now we analyze the Chen-Ruan cohomology of X . The inertia stack IX has three connected components: the component with age 0, which is isomorphic to X , and two components isomorphic to Bµ 3 corresponding to the non-trivial stabilizers of the singular point, which have ages (−1, 1) . In other words, we consider the map S = {1} → N with s 1 = (−1, 1) ∈ N and the corresponding extended stacky fan, which is the one with extended ray map (11)
We use this basis to identify L S with Z 3 and we call l 1 , l 2 , k the coordinates with respect to this basis. The extended fan sequence (12) is
where the inclusion
The extended divisor sequence (13) is By (15) the extended nef cone is
We will not write down a description of Λ S σ for every cone σ ∈ Σ. We just mention, for example, that if σ is the cone spanned by ρ 2 and ρ 4 then Λ S σ is defined by the conditions 3l 1 − l 2 + k ∈ Z, l 1 − l 2 ∈ Z, k ∈ Z. After few computations one finds that
Therefore, the S-extended Novikov variable corresponding to (
is given by (19). To match notation with (16), set 1 (0,0) = 1 0 , 1 (−1,1) = 1 2/3 , 1 (−2,2) = 1 4/3 . The Chern classes of the toric divisors are
Following Remark 4.2, by (16) the S-extended I-function I S (τ 1 , τ 2 , ξ; z) of X is
where
Now we want to study the asymptotic behaviour of I S with respect to the variable z. Note that if (l 1 , l 2 , k) ∈ ΛE S and deg z (l1,l2,k) ≥ −1 then either (l 1 , l 2 , k) = (0, 0, 0) or (l 1 , l 2 , k) = (− we obtain
where O(z −1 ) denotes term of the form ∞ n=1 c n z −n with c n independent of z. Since the J-function is the only point of the Givental cone of X with the asymptotic expansion z1 0 + F (t) + O(z −1 ), by the mirror theorem (Theorem 4.1) we have that J(τ 1 p 1 + τ 2 p 2 + ξ1 2/3 ; z) = I S (τ 1 , τ 2 , ξ; z)
for every τ 1 , τ 2 , ξ ∈ C. To obtain the quantum period of X , we have to set z = 1, τ 1 = τ 2 = 0, ξ = t 1 3 x, replace the Novikov variable Q d with t −K X ·d , and take the component along 1 0 of the J-function. In particular
Thus the quantum period of X is G X (x; t) = l1,l2,k∈Z, l1≥l2≥0, k≥0, 3l1+k≥l2
The regularised quantum period of X is G X (x; t) = 1 + 2xt 2 + (12 + 6x 2 )t 4 + 20t 5 + (120x + 20x 3 )t 6 + . . . associated to the polygon n.25, after identifying the parameter x in G X with the parameter a.
Toric complete intersections
5.1. The quantum Lefschetz principle. The Gromov-Witten invariants of a complete intersection are governed by the so-called 'quantum Lefschetz principle', which was formulated and proven by Coates and Givental [CG07] in the case of smooth projective varieties (see also [Lee01] and [Kim99] ). It has been shown that this principle fails for some positive line bundles on some orbifolds [CGI + 12], but there is evidence that the quantum Lefschetz principle holds in cases which are sufficient for us. We will be more precise below.
Firstly we have to define twisted Gromov-Witten invariants. Let Y be a proper smooth Deligne-Mumford stack over C with projective coarse moduli space Y and let E be a vector bundle on Y. If n ∈ N and d ∈ Eff(Y), the universal family over the moduli space of stable maps
induces an element E 0,n,d := π ! ev E of the K-theory of Y 0,n,d . The torus C * acts on E rotating the fibres and leaving the base Y invariant. This action induces an action of C * on E g,n,d . Let e be the C * -equivariant Euler class, which is invertible over the field of fractions Q(κ) of H
, where κ is the equivariant parameter given by the first Chern class of the line bundle O(1) on CP ∞ = BC * . E-twisted Gromov-Witten invariant are defined by
for α 1 , . . . , α n ∈ H
• CR (Y) and non-negative integers k 1 , . . . , k n . The inertia stack IE of the total space of the vector bundle E → Y is a vector bundle over IY: the fibre of IE over the point (y, g) is the g-fixed subspace of the fibre of E over y. One can define the twisted Poincaré pairing (α, β)
and the twisted symplectic form
, where H Y is defined in (4). In the symplectic vector space (H Y ⊗ Q Q(κ), Ω tw ) there is a Lagrangian submanifold, which is a formal germ of a cone with vertex at the origin and which encodes all genus-zero Euler-twisted GromovWitten invariants of X : it is called the twisted Givental cone and is denoted by L tw Y . We will not give a precise definition of L tw Y here, referring the reader to [Tse10] , [CCIT09] . L tw Y determines and is determined by Givental's twisted J-function:
• γ runs in the even part H Without the convexity hypothesis, it is conjectured that there is some relation between invariants of the complete intersection and twisted invariants of the ambient. 
Quantum Lefschetz for toric orbifolds.
Here we discuss twisted GromovWitten invariants of toric orbifolds. We maintain all the notations we used in §4.1.
In particular, we assume that Y is a toric well-formed orbifold coming from the stacky fan (N, Σ, ρ), where N is a finitely generated free abelian group, Σ is a rational simplicial fan in N R and ρ is the ray map of Σ. We denote by Y the toric variety that is the coarse moduli space of Y. We also use the formalism of S-extended stacky fans introduced in §4.1, where S is a finite set with a map S → N . Let E 1 , . . . , E r be line bundles on Y. Consider the vector bundle E = E 1 ⊕ · · · ⊕ E r on Y and choose ε 1 , . . . , ε r ∈ L S∨ such that their images E 1 , . . . , E r in L ∨ are the first Chern classes of E 1 , . . . , E r . The S-extended E-twisted I-function (see [CCITc] ) of Y is:
• κ is the equivariant parameter;
• for 1 ≤ i ≤ n, u i ∈ H 2 (Y; Q) is the first Chern class of the the line bundle corresponding to the ith toric divisor D i ; • for n + 1 ≤ i ≤ n + m, u i is defined to be zero;
(Y) is the unit class supported on the component of inertia associated to v S (λ) ∈ Box(Σ).
Note that I S E depends on the choice of the liftings
Remark 5.4. For the twisted I-function (22) we use the same substitutions as in Remark 4.2.
Theorem 5.5 (Twisted mirror theorem for toric stacks [CCITc] ). Let Y be a projective simplicial toric variety, associated to the fan Σ in the lattice N , and let Y be the corresponding toric well-formed orbifold. Let S be a finite set equipped with a map to N . Let E 1 , . . . , E r ∈ Pic(Y) be line bundles and let E = E 1 ⊕ · · · ⊕ E r . For any choice of the liftings of E j = c 1 (E j ) to L ∨S , the S-extended E-twisted I-function I 
where a, b, c ∈ C and f i (x 0 , x 1 ) denotes a homogeneous polynomial of degree i in the variables x 0 , x 1 . Since f (0, 0, 1, 1, 0) = c, we see that a generic choice for f implies P / ∈ X. Moreover, since f (x 0 , x 1 , 0, 1, 0) = f 2 (x 0 , x 1 )b, we see that the surface X intersects the curve C in two points. For each of these two points there is a neighbourhood in X that is analytically isomorphic to
which is ample. Therefore X is a del Pezzo surface with two singular points of type 1 3 (1, 1). Using the relations (p 1 +3p 2 )p 2 = 0, p 2 1 (p 1 +p 2 ) = 0 and p
Now we 'extend' with the vector (1, 1, 1) . In other words, we consider the map S = {1} → N with s 1 = (1, 1, 1) ∈ N and the corresponding stacky fan, which is the one with extended ray map (11) We use this basis to identify L S with Z 3 . We call l 1 , l 2 , k the coordinates with respect to this basis; thus, the inclusion L S ⊗ Z R → R 6 is given by
The extended fan sequence (12) is
and the extended divisor sequence (13) is
The extended nef cone is
One can check that
We get:
We take ε = (3, 3, 1) as a lifting of the line bundle E = 3p 1 + 3p 2 ∈ L ∨ to L S∨ . If we denote by κ the equivariant parameter, the S-extended E-twisted I-function (22) is
The degree of the summand corresponding to λ ∈ ΛE S with respect to z is not smaller than −1 if and only if λ ∈ (0, 0, 0), (1, 0, 0), (0, 0, 1), (0, − 1 3 , 1), (1, − 1 3 , 0) . Therefore
By the mirror theorem, the E-twisted J-function of Y is such that
(1,− 1 3 ) 1 (1,1,1) , z lies on the Givental cone of X . Therefore
Let 1 1 , 1 2 denote the two identity classes of the components of IX with age equal to 2/3. Now we compute a specialisation of the quantum period
, and considering the component along 1 0 only, we get
Since the two singular points of X lie in the same component of the singular locus of Y , we cannot distinguish the two points, but we are able to compute G X (x 1 , x 2 ; t) only for x 1 = x 2 . It is possible that if we had used another model of X as a complete intersection in a toric orbifold, we could have been able to compute the whole quantum period of X. The regularised quantum period is such that
and matches with the classical period of a 1-dimensional subspace of the 2-parameter family of maximally mutable Laurent polynomials associated to the polygon n.13.
5.4.
Another example of a toric complete intersection: B 1,16/3 . Let X be a general quartic in Y = P (1, 1, 1, 3 ). In this example we apply the Quantum Lefschetz technique, as in the §5.3, to compute the quantum period of X . Nevertheless, here it is crucial to use Conjecture 5.2 by applying ι firstly and then considering the limit for κ → 0. The reason is that, since the toric ambient Y is 'extended weak Fano', it is impossible to choose a lifting of E = O Y (4) to the extended Picard group in such a way that the extended twisted I-function I S E has both a good asymptotic behaviour with respect to z and a well-defined non-equivariant limit for κ → 0. So we will choose a lifting of E such that I S E has a good asymptotic behaviour, but lim κ→0 I S E does not exist. Fortunately, even though I S E does not have a well-defined limit as κ → 0, ι I S E does: ι I S E → I X ,Y as κ → 0. Having a good asymptotic behaviour, I X ,Y gives information about J X . We will be more precise below.
It is easy to see that [0 : 0 : 0 : 1] is the unique singular point of Y and is of type 1 3 (1, 1, 1) . The inertia stack IY has three connected components: one isomorphic to Y and two non-trivial components which are both isomorphic to Bµ 3 . Since −K X = O X (2), X is a del Pezzo surface with Fano index 2 and degree K 
Let p be the first Chern class of O Y (1). In order to write down a twisted Sextended I-function, we have to choose a lifting (4, α) of 4p ∈ L ∨ to L S∨ . One can check that I S E has a good asymptotic behaviour if and only if (2, 2 − α) ∈ Nef S (Y),
i.e. α ≤ 1. On the other hand, lim κ→0 I S E exists if and only if (4, α) ∈ Nef S (Y), i.e. α ≥ 2. Therefore, it is impossible to find an α ∈ Z such that I S E has a good asymptotic behaviour and that the non-equivariant limit of I S E exists. This is related to the fact that the extended anticanonical class (6, 2) is not in the interior of Nef S (Y), i.e. Y is not 'extended Fano', but only 'extended weak Fano'. Now we fix α = 1. Consider the summand
S . We see that the degree of l,k with respect to z is the following:
It is easy to show that (− 1 3 , 1) is the only (l, k) ∈ ΛE S such that deg l,k ≥ −1. So the twisted I-function of Y has the following asymptotic behaviour:
Since the lifting we have chosen is not in Nef S , it follows that the non-equivariant limit of I S E does not exist. However, we can study the pull-back ι (I S E ) more carefully. The terms l,k that are divisible by κ −1 , namely the ones that make the limit do not exist, correspond to (l, k) such that 4l + k ∈ Z <0 ; in these cases we have that l,k is divisible by p Thus, the J-function of X is such that
After applying the change of variablesQ
The regularised quantum period is G X (x; t) = 1 + 8t 2 + 6xt 3 + 168t 4 + 240xt 5 + (4440 + 90x)t 6 + 9240xt 7 + . . . .
and matches with the classical period of a 1-dimensional subspace of the 2-parameter family of maximally mutable Laurent polynomials associated to the polygon n.12.
6. The Abelian/non-Abelian Correspondence 6.1. Theoretical background. Let G be a reductive group over C acting on a smooth affine variety A. Let T be a maximal torus in G. We will be more precise below.
Let W = N(T )/T be the Weyl group and Φ = Φ + ∪ Φ − be the root system with decomposition into positive and negative roots. The adjoint T -representation g splits as g = t⊕ α∈Φ g α . For every α ∈ Φ, the one-dimensional T -representation • applying a suitable mirror map φ on the parameters: We get an action of SL 2 × G m on A, which induces a faithful action of the affine reductive group . By using
as coordinates, we get a closed embedding of F into the weighted projective space P = P(1 3 , 2 6 , 3). The pulling-back homomorphism Z Pic(P) → Pic(F) maps O P (1) into the line bundle O F (1) on F associated to the character of G induced by the composite
Let X → F be the zero locus of a generic section of
⊕4 . The coarse moduli space X of X is a del Pezzo surface with one 1 3 (1, 1) and degree K 2 X = 7 3 (see [CH] ). To compute the Gromov-Witten invariants of X we need to compute the E G -twisted Gromov-Witten invariants of F. This can be done by using Conjecture 6.1.
The maximal subtorus of G is Therefore c 1 (O Y (1)) = p 1 + p 2 , which is ample. Consider the vector bundle
. Since Y is a toric orbifold, we may construct its E T -twisted I-function:
More compactly, we may write
One may prove that
for some component b ∈ Box(Y) with age(b) = 2. Therefore, the E T -twisted Jfunction of Y is such that
The Weyl group W = N(T )/T of G with respect to T is cyclic of order 2 and is generated by the class of 0 1
The positive root α corresponds to the character of T defined by
This character of T induces the line bundle
is W -anti-invariant. Therefore it must be divisible by ω = p 1 − p 2 :
The Abelian/non-Abelian Correspondence (Conjecture 6.1) relatesJ with a lifting of the E G -twisted J-function of F, up to the ring homomorphism on the Novikov rings Q (l1,l2) → (−q) l1+l2 . Unfortunately we do not know J E T , but by (25) we only know J E T • ϑ, where
By the chain rule
From (25) we get
If we set Q (l1,l2) = (−q) l1+l2 , we get
whose asymptotic behaviour is
Hence, Conjecture 6.1 implies that a specialisation of J E G coincides with e 
i is the lth harmonic number (H 0 := 0) and
Therefore a specialisation of the quantum period of X is
A l1,l2 (t, 1) 1
whose regularization is
and matches with the classical period of a maximally mutable Laurent polynomial associated to the polygon n.10.
Results
In this section we summarise our conclusions. In Table 1 , for each family of del Pezzo surfaces with 1 3 (1, 1) singularities we give:
• its name according to [CH] , i.e. X k,d or B k,d , where k denotes the number of singular points and d is the degree; • the method used to compute the quantum period;
• the name of the corresponding mirror Fano polygon from the list in [KNP] ;
• the dimension of the subspace of the k-dimensional space of maximally mutable polynomials along which we matched the classical and quantum periods, as described in Theorem 2.2. Later, we explicitly describe our results. For each family we give:
• model used for our computations, taken from [CH] : p i 's denote a basis of the Picard group either of the surface, when is toric, or the toric ambient space, when the surface is a complete intersection; • asymptotic behaviour of the (extended) I-function (see §4.2 and §5.2). Here ξ's, τ 's and z are formal variables. We use the notation τ p instead of τ 1 p 1 + . . . + τ p and we use 1 α to express an identity class supported on a non-trivial component of the inertia stack; • (specialized) quantum period and its regularization, as explained in §3.3; • mirror polygon from the list in [KNP] and the corresponding Laurent polynomial with the specialisation required, if needed. If the specialisation is over a subspace of positive dimension, we use parameters a i 's: in these cases, the matching betweend quantum period and classic period is attained by identifying the parameters x i 's in the quantum period with the a i 's in the classical period. Our computations rely on the use of the computer. Indeed, we have implemented the machinery described in §4.1, §4.2, §5.2 in the language of computer algebra software MAGMA [BCP97] . 28. X 6,2 Toric n.9 0-dimensional 29. X 6,1 missing good model no Q-Gor. toric deg.
7.1. P (1, 1, 3 ).
1. Name: P(1, 1, 3)
Model: toric 1 1 3 p Extended I-function:
Quantum period:
Regularization:
G P(1,1,3) (x; t) = 1 + 2xt 2 + 6x 2 t 4 + 20t 5 + 20x 3 t 6 + 210xt 7 + . . . Model: degree 6 hypersurface in P(1, 1, 3, 3)
1 1 3 3 6 p
Extended twisted I-function: I S (ξ, τ, z) = z + τ p + 2ξ1 0 + ξq (6l + 2k)! l! 2 (3l + k)! 2 k! x k t 2l+k ;
Regularization: (l 1 + 3l 2 + k)! l 1 ! 2 l 2 ! 2 (3l 2 + k)!k! x k t l1+2l2+k ;
Regularization: G X 1,16/3 (x; t) = 1 + (2 + 2x)t 2 + 18t 3 + (42 + 24x + 6x 2 )t 4 + (200 + 180x)t 5 + + (1370 + 540x + 180x 2 + 20x 3 )t 6 + (5460 + 3990x + 1260x 2 )t 7 + . . . (4l 1 + 2l 1 )! (l 1 − l 2 )!l 1 !(2l 1 + l 2 )!(3l 1 + 3l 2 )!l 2 ! t 3l1+2l2 ;
Regularization: G X 2,17/3 (t) = 1 + 12t 3 + 20t 5 + 420t 6 + 1680t 8 + 18480t 9 + . . . (3l 1 + 3l 2 + k)! (l 1 !) 2 l 2 !(l 1 + l 2 )!(l 1 + 3l 2 + k)!k! x k t l1+2l2+k Regularization: (4l 1 + 6l 2 + 2k)! x k t l1+2l2+2k l 1 !(l 1 + l 2 )!(2l 1 + 3l 2 + k)!(l 1 + 3l 2 + k)!l 2 !k! Regularization: Model: toric 1 0 0 0 1 −1 0 1 0 0 −1 1 0 0 1 0 2 1 0 0 0 1 1 2
Extended twisted I-function:
(l 1 − l 2 + 2l 3 + l 4 + k 2 + k 3 )!(−l 1 + l 2 + l 3 + 2l 4 + k 1 + k 2 )! Regularization: G X3,4 (x 1 , x 2 , x 3 ; t) = 1 + (2 + 2x 1 + 2x 3 )t 2 + (6x 1 + 6x 2 + 6x 3 )t 3 + + (30 + 24x 1 + 6x Polygon n.9
